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Part III: Outline

• TQC Setup

• Universality of anyons

• Quantum invariants from anyons
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{L, Nc
ab, Fabc

d,ef , Rba
c }Fix an anyon system or UMTC

•  must be a non-Abelian anyona
dim Va⊗n

b ∼ (dimq a)n

• In general,  does not have a tensor product structure. To 
encode k qubits, choose n large enough so that 

Va⊗n

b

(ℂ2)k ↪ Va⊗n

b

TQC Setup

★ Qubit spaces and computational bases

⋯a a a a

b
Va⊗n

b =

 : space of physical processes of splitting  into  
anyons of type ; space of  type-  anyons with total type 
Va,⋯,a

c ≡ Va⊗n

b b n
a n a b
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Practically: want a systematic way to choose the embedding

• Choose the `computing’ anyon , `total-type’ anyon , and a fixed 
integer , such that  is the desired qubit/qudit.

a b
m Va⊗m

b

a a a a
b

e.g. m = 4

Choose a splitting-tree basis as the computational basis:

a a a a

b

, ,  
admissible
(a, a; z) (a, z; y) (a, y; b){ : {
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• To encode k qudits, choose anyon  such that  c Vb⊗k

c ≠ 0

Va⊗m

b ⊗ ⋯ ⊗ Va⊗m

b ↪ Va⊗mk

c

k {
b

aa aa aa aa aa aa aa aa

b b b

b1

b2

c
{Fix a splitting

1st 2nd 3rd 4thQudits:
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2D picture:

a a a a
b

a a a a
b

a a a a
bb1
b2

a a a a
b

c
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Example: Fib τ ⊗ τ = 1 ⊕ τ

 has a basis:Vτττ
τ

d

a

x

cb

=
P
y

F abc
d;yx

a

d

c

y

bτ τ τ

τ
x = 1, τ

Hence  is a qubit.Vτττ
τ

τ τ τ τ τ τ τ τ
1

Two qubits: Vτ⊗3
τ ⊗ Vτ⊗3

τ ↪ Vτ⊗6
1

Note dim Vτ⊗6
τ = F5 = 5
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★ Quantum gates from braiding

ρ ≡ ρa,n
b : Bn ⟶ U( Va⊗n

b )

⋯ ⋯
1 i i+1 n

b

a a a a
⋯ ⋯

1 i i+1 n

b

a a a a

⟼ρ(σi) :

Recall: braiding induces unitary representation of braid groups

⋯ ⋯
1 i i+1 n

b

a a a a
⋯ ⋯

1 i i+1 n

b

a a a a

⟼ρ(σ−1
i ) :
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• 1-qubit gates

ρ : B3 = ⟨σ1, σ2⟩ ⟶ U( Vτ⊗3
τ )

ρ(σ1) = (Rττ
1 0
0 Rττ

τ ) = (e−4πi/5 0
0 e3πi/5)

x = 1, τ

Example: Fib

τ τ τ τ
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y =1, τ

y =1, τ y, z =1, τ

ρ(σ2)zx = ∑
y=1,τ

Fτττ
τ;yx Rττ

y (Fτττ
τ )−1

zy

ρ(σ2) = (Fτττ
τ )† ρ(σ1) Fτττ

τ
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• Multi-qubit gates are computed similarly

τ τ τ τ τ τ

Vτ⊗3
τ ⊗ Vτ⊗3

τ ⊂ Vτ⊗6
12 qubits

τ

first qubit

τ

second qubit

A general braiding acts on , not necessarily preserve  Vτ⊗6
1 Vτ⊗3

τ ⊗ Vτ⊗3
τ

Conjecture
In the above encoding, there is no leakage-free entangling braiding gates.

• A braiding on  that preserves  , and

• On , is not of the form  or 

Vτ⊗6
1 Vτ⊗3

τ ⊗ Vτ⊗3
τ

Vτ⊗3
τ ⊗ Vτ⊗3

τ A ⊗ B SWAP ∘ (A ⊗ B){
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An anyon  is braiding universal if for some anyon  and for all  large 
enough, the image of  of the braid group is dense in . 

a b N
Im ρa,N

b U( Va⊗N

b )

Theorem (Freedman-Larsen-Wang, 2002)

The  anyon in  is braiding universal.τ Fib

Theorem (Freedman-Larsen-Wang, 2002)

For the anyon theory  arising from the quantum group 
, if k is not 0,1,2,4, then the non-Abelian anyons are 

braiding universal. (   )

SU(2)k
Uq(012), q = e2πi/(k+2)

Fib ∼ SU(2)3

Property F Conjecture (Naidu-Rowell, 2011)

An anyon has finite braid group image if and only if its quantum dimension 
squared is an integer. (True for all known cases)

Universality of anyons
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Example: Ising = SU(2)2

, a rare case!dim Vσ⊗ 2n

1 = 2n−1
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Qubit :Vσσσσ
1

σ

1 / ψ

1

σ σ σ

σ

ρ(σ1) = ρ(σ3) = e− πi
8 (1 0

0 i),

ρ(σ2) = e− πi
8

1 − i
2

1 + i
2

1 + i
2

1 − i
2

Fact:  is the Clifford group generated by Im ρσ,2n
1 {CNOT, H, P, X}

H =
1p
2

✓
1 1
1 �1

◆

<latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit><latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit><latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit><latexit sha1_base64="veq6dYNjtnD+p68KJW5zxxhZJUM="></latexit>

<latexit sha1_base64="43zEYIs6VRFm7h2SEqHu5jphPQU=">AAACHHicbZDLSsNAFIYn9VbjrerSzWBRXJVEpboRim5cVrAXaEKZTE/boZNJmJmIJfRB3Pgqblwo4saF4Ns4bYNo64GBj/8/hznnD2LOlHacLyu3sLi0vJJftdfWNza3Cts7dRUlkkKNRjySzYAo4ExATTPNoRlLIGHAoREMrsZ+4w6kYpG41cMY/JD0BOsySrSR2oWTJr7AXgA9JtI4JFqy+5Ht4EPsYs+zXQPOGDwQnR+/XSg6JWdSeB7cDIooq2q78OF1IpqEIDTlRKmW68TaT4nUjHIY2V6iICZ0QHrQMihICMpPJ8eN8IFROrgbSfOExhP190RKQqWGYWA6zX59NeuNxf+8VqK7537KRJxoEHT6UTfhWEd4nBTuMAlU86EBQiUzu2LaJ5JQbfK0TQju7MnzUD8uueVS+ea0WLnM4sijPbSPjpCLzlAFXaMqqiGKHtATekGv1qP1bL1Z79PWnJXN7KI/ZX1+A+YentM=</latexit>

X =

✓
0 1
1 0

◆
P = (1 0

0 i) CNOT =
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

Theorem (Gottesman–Knill)

Quantum gates in the Clifford group can be simulated efficiently on a 
classical computer.
A quantum computer built from the Ising anyons have no quantum advantage.
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Example: SU(2)4
Anyon types L = {0,1,2,3,4}

vacuum

SU(2)4 Metaplectic Anyon System

Anyon types: L = {0, 1, 2, 3, 4}.

Fusion rules: i ⌦ j = � k ,

i + j � k , i + k � j , j + k � i

i + j + k ⌘ 0 mod 2

i + j + k  8

0⌦ j = j

1⌦ 1 = 0� 2

2⌦ 2 = 0� 2� 4

R-symbols: R j1,j2
j = (�1)

j�j1�j2
2 ⇣

j(j+2)�j1(j1+2)�j2(j2+2)
8

6 ,

F -symbols:

15

Partial fusion rules:

The braid group has finite image — not braiding universal

• qutrit model

1 1 1 1
2

2

1 111

ba ≡ |a, b⟩

(a, b) = (0,2), (2,0), (2,2)
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• Measurement of total type
1 1 1 1

2
? 

SU(2)4 Metaplectic Anyon System

Anyon types: L = {0, 1, 2, 3, 4}.

Fusion rules: i ⌦ j = � k ,

i + j � k , i + k � j , j + k � i

i + j + k ⌘ 0 mod 2

i + j + k  8

0⌦ j = j

1⌦ 1 = 0� 2

2⌦ 2 = 0� 2� 4

R-symbols: R j1,j2
j = (�1)

j�j1�j2
2 ⇣

j(j+2)�j1(j1+2)�j2(j2+2)
8

6 ,

F -symbols:

15

1 1

11
0λ0

1 1

11
2λ2+Q̂ :=

λ0 ≠ λ2 ∈ ℝFor some

2

1 111

ba

Q̂

2

1 111

ba= λa

(a, b) = (0,2), (2,0), (2,2)



83

Theorem (Cui - Wang, ’14)

In  with the above encoding, braiding supplemented with the 
measurement of the total type of two anyons, is universal —

SU(2)4

Resource-Assisted Universality

1 1 1 1
2

? 

α |0,2⟩ + β |2,0⟩ + γ |2,2⟩

|α |2 + |β |2 + |γ |2 = 1

|0,2⟩

β |2,0⟩ + γ |2,2⟩
|β |2 + |γ |2

Prob = |α |2

Prob = |β |2 + |γ |2

Effect of measuring the total type of the two type-1 anyons, i.e. :Q̂
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toric code

Ising

SU(2)4

Abelian
non-Abelian

braiding universal

resource-assisted
universal

efficiently 
simulatable

 , k = 3 
or k  5
SU(2)k

≥

D(S3)

Problem
How to characterize each class of anyons?
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Put the system on a general surface 

Σ 7�!
<latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit><latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit><latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit><latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit> V(Σ)

vector space of states

vXX

X

X p

Z

Z

Z Z

Figure 4: A L⇥ L square lattice on the torus

2 Toric Code

Toric code [14] is an exactly solvable lattice model defined on a closed surface, i.e., a surface
without boundary. It has a gapped Hamiltonian whose low energy excitations are anyons.
Although all of the anyon types in toric code are Abelian and hence are not useful for TQC,
the toric code is a beautiful theory that illustrates many concepts of topological phases.
Thus it is worth studying the model to some details. Later, we will generalize it to Kitaev’s
quantum double model for any finite groups, where non-Abelian anyons can emerge.

Recall that the Pauli matrices are defined as follows.

X =

✓
0 1
1 0

◆
Z =

✓
1 0
0 �1

◆
Y = iXZ =

✓
0 �i
i 0

◆

Let L be a square lattice of size L ⇥ L with periodic boundaries both in the horizontal
direction and in the vertical direction. See Figure 4. Namely, we identify the two horizontal
boundaries as well the two vertical ones. In another word, L is a lattice on the torus.

Remark 2.1. The Hamiltonian model to be introduced below can be defined on lattices of
any shape on any closed surface. Here we simply choose the square lattice on the torus as
an illustrative example.

Denote by

V = {vertices},
E = {edges},
F = {faces or plaquettes}.

To each edge e 2 E associate a qubit He = C2. The total Hilbert space Htot is defined as

Htot :=
O

e2E

He.

To define the Hamiltonian, we first introduce some local operators. To each v 2 V and
p 2 F , define

Av :=

0

@
O

e2star(v)

Xe

1

A
O

0

@
O

e2E�star(v)

Ide

1

A , Bp :=

 
O

e2@p

Ze

!
O

 
O

e2E�@p

Ide

!
,

7

Av
<latexit sha1_base64="c+KAVgK8zHWNV1FJRpu8rvPD75g=">AAAB6nicbZC7SgNBFIbPeo3xlmglaQaDYBV2Y6GFRcTGMkFzgWQJs5PZZMjszDIzGwhLHsHGQhFbn8fCTp/GyaXQxB8GPv7/HOacE8ScaeO6X87a+sbm1nZmJ7u7t39wmMsfNbRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4e00b46o0kyKBzOOqR/hvmAhI9hY6/6mO+rmim7JnQmtgreAYiXfKXzXTj6q3dxnpydJElFhCMdatz03Nn6KlWGE00m2k2gaYzLEfdq2KHBEtZ/ORp2gM+v0UCiVfcKgmfu7I8WR1uMosJURNgO9nE3N/7J2YsIrP2UiTgwVZP5RmHBkJJrujXpMUWL42AImitlZERlghYmx18naI3jLK69Co1zyLkrlmlesXMNcGSjAKZyDB5dQgTuoQh0I9OERnuHF4c6T8+q8zUvXnEXPMfyR8/4D80CQgw==</latexit>

Bp
<latexit sha1_base64="88nv/qxV7x+1ojaDiDvKNmuO3M0=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuLLSwCApiI0RiLpAsYXZyNhkyO7vMzAoh5BFsLBSx9YnsfApfwcml0MQfBj7+/xzmnBMkgmvjul9OZmV1bX0ju5nb2t7Z3cvvH9R1nCqGNRaLWDUDqlFwiTXDjcBmopBGgcBGMLie5I1HVJrH8sEME/Qj2pM85Iwaa1WvOkknX3CL7lRkGbw5FMrkrvo98G8qnfxnuxuzNEJpmKBatzw3Mf6IKsOZwHGunWpMKBvQHrYsShqh9kfTUcfkxDpdEsbKPmnI1P3dMaKR1sMosJURNX29mE3M/7JWasILf8RlkhqUbPZRmApiYjLZm3S5QmbE0AJlittZCetTRZmx18nZI3iLKy9DvVT0zoqle69QvoSZsnAEx3AKHpxDGW6hAjVg0IMneIFXRzjPzpvzPivNOPOeQ/gj5+MHHAKQoQ==</latexit>

(M; K) 7�!
<latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit><latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit><latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit><latexit sha1_base64="Py67ynyWLh7EtvAzWIkrZ8Aezjs=">AAAB9HicbZC7TgJBFIZn8YZ4Qy1tJoKJFdml0ZJoY4mJgAlsyOwwCxPmss6cJSEbnsPGQmNsfRg738YBtlDwTyb58p9zcs78USK4Bd//9gobm1vbO8Xd0t7+weFR+fikbXVqKGtRLbR5jIhlgivWAg6CPSaGERkJ1onGt/N6Z8KM5Vo9wDRhoSRDxWNOCTgrrPaEVkNJEgu62i9X/Jq/EF6HIIcKytXsl796A01TyRRQQaztBn4CYUYMcCrYrNRLLUsIHZMh6zpURDIbZoujZ/jCOQMca+OeArxwf09kRFo7lZHrlARGdrU2N/+rdVOIr8OMqyQFpuhyUZwKDBrPE8ADbhgFMXVAqOHuVkxHxBAKLqeSCyFY/fI6tOu1wPF9vdK4yeMoojN0ji5RgK5QA92hJmohip7QM3pFb97Ee/HevY9la8HLZ07RH3mfP3f9keI=</latexit> Z(M; K)

Knot in a 3-manifold Knot invariant

Topological quantum field theory (TQFT)
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For an oriented knot/link  labelled by anyon K a

a a

a a

a ā aā

ā a āa

1 1
1

1 1
1

(dimq a)2= ⟨K; a⟩
1

=:

• Can be computed using F- and R-symbols.

• Invariant under Reidemeister II and III moves.

 is an invariant of framed oriented links — Reshetikhin-Turaev invariant⟨K; a⟩
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• Reidemeister I move:

a

⟨K; a⟩

a

θa ⟨K; a⟩

a

θa ⟨K; a⟩
topological twist

Let  be the linking number of ,lk(K) K
J(K; a) := θ−lk(K)

a ⟨K; a⟩

is an invariant of un-framed oriented links

Fact: for the Fibonacci anyon,  is (a version of) of the Jones 
polynomial of  evaluated at 5-th root of 1.

J(K; τ)
K
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: category of vector spacesVecℂ

objects: vector spaces, V1, V2, ⋯

morphisms: linear maps  f : V1 → V2

A -dim topological quantum field theory (TQFT) is a symmetric functor (d + 1)

(V, Z) : Cob(d + 1) → Vecℂ

: category of cobordismsCob(d + 1)
objects: closed -dim manifolds, d M1, M2, ⋯
morphisms: -dim cobordisms  (d + 1) X : M1 → M2

∂X = M1 ⊔ M2i.e.
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d = 1

M1

M2

X

| 1i

| 2i

V (M1)

V (M2)

Z(X)

⟼

⟼

⟼

Subject to (for instance)

M1

M3

M2

X

Y

V (M1)

V (M2)

V (M3)

Z(X)

Z(Y )

Z(X [M2 Y )

M1

M3

M2

X

Y

V (M1)

V (M2)

V (M3)

Z(X)

Z(Y )

Z(X [M2 Y )



90

• If X is closed, i.e., no boundary,

Z(X) : ℂ → ℂ, Z(X) ∈ ℂ

 is an invariant of closed (d+1)-manifolds — quantum invariantsZ( ⋅ )

X : ∅ → ∅,

• Given                , let        be the mapping cylinder,ϕ : M ∼ M Mϕ

Z(Mϕ) : V(M) → V(M)

representation of the mapping class group: MCG(M) → GL( V(M) )

Mϕ : M → M

ϕ ↦ Z(Mϕ)
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(2+1)-dim TQFTs

Modular tensor category = Witten-Reshetikhin-Turaev Z=( ⋅ )

Volume Conjectures (Chen-Yang, ’15)

Let  be the Temperley-Lieb-Jones category with the Kauffman variable 
, M be a closed oriented hyperbolic 3-manifold. Then for r odd,

TLJ(r)
A = eπi

r

lim
r→∞

4π
r

log |ZTLJ(r)(M) | = Vol(M) .

Let M be a 3-manifold and L be a surgery link for M

Z=(M) = ∑
anyon types x ∈ =

dimq(x) x

Reshetikhin-Turaev 
invariant

weight
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Topological phases of matter:
• Anyons (point-like excitations) can only be fermions/bosons
• More interesting excitations are string-like. Motions of strings lead 

to representations of the motion groups of links.

…

N-component unlink

Loop braid group LBn
⟨σ1, ⋯, σn−1, s1, ⋯sn−1 |⋯⟩

Algebraic theories: monoidal/braided 2-categories

Special cases: ribbon fusion categories, group-crossed braided fusion, 
spherical fusion 2-categories, etc. 

(3+1)-dimensions
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(3+1)-TQFTs:

• Turaev-Viro type based on fusion 2-categories [Douglous-Reutter, ’18]

Construct TQFTs to distinguish smooth structures of 4-manifolds. 

No-go theorem:
Semisimple TQFTs cannot distinguish smooth structures [Reutter, ’20]

• Trisection invariant based on Hopf algebras   [Chaidez-Cotler-Cui, ’19, ’23]

• Skein TQFTs from ribbon categories [Costantino-Geer-Haïoun-Patureau-Mirand, ’23]

• Invariants of 4D 2-handlebodies under 2-equivalence from ribbon cats 
[Beliakova-De Renzi-Faes, ’25; Beliakova-De Renzi, 22’]

• Khovanov homology and skein lasagna modules [Morrison-Walker-Wedrich, ’22; 
Ren-Willis, '24]

Non-semisimple efforts:

can distinguish smooth structures 
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topological 
quantum computing 

(physics) 
topological phase of matter

(algebra) 
higher  category

(topology) 
topological quantum field theory


